In this work we study kink-antikink and antikink-kink collisions in hyperbolic models of fourth and sixth order. We compared the patterns of scattering with known results from polynomial models of the same order. The hyperbolic models considered here tend to the polynomial φ 4 and φ 6 models in the limit of small values of the scalar field. We show that kinks and antikinks that interact hyperbolically with fourth order differ sensibly from those governed by the polynomial φ 4 model. The increasing of the order of interaction to the sixth order shows that the hyperbolic and polynomial models give intricate structures of scattering that differ only slightly. The dependence on the order of interaction are related to some characteristics of the models such as the potential of perturbations and the number of vibrational modes.
INTRODUCTION
Solitary waves are solutions from nonlinear physics characterized by the very special property of localized density energy that can freely propagate without distortion in their form. Topological defects associated with solitary waves are of great interest in several areas of low and high energy physics [1] [2] [3] . The simplest solitary wave solution is the (1, 1) dimensional kink and antikink obtained in scalar field theories.
In integrable models, two solitary solutions have the additional property of keep their form even after scattering, acquiring at most a phase shift. These are more properly known as solitons. In nonintegrable models, on the other hand, the process of collision can be surprisingly rich. When analyzed as a function of the initial velocity of approximation, a complicated structure appears [4, 5] , usually connected with the deformation of the scalar field profile and the emission of scalar radiation. For large initial velocities a simple inelastic scattering occurs, and after the contact, the kink-antikink pair retreats from each other.
On the other hand, for sufficiently small initial velocities, the kink and antikink capture one another and a trapped bion state is formed, that radiates continuously until being completely annihilated.
An intriguing aspect of the scattering, observed in many nonintegrable models, and in particular in the very studied λφ 4 model [5] [6] [7] [8] [9] [10] [11] [12] [13] , occurs for some windows of intermediate velocities -named two-bounce windows -where the scalar field at the center of mass bounces twice before the pair recedes to infinity. Such windows appear in sequence with smaller thickness, accumulating in the border of the one-bounce region. The same was verified for even higher levels of bounce windows, characterizing a fractal structure [13] . The formation of two-bounce windows was interpreted phenomenologically in the Ref. [10] as related to the exchange of resonant energy between translational and vibrational modes. The φ 6 model is an exception for this mechanism, despite the absence of vibrational mode in the perturbation of a kink. There it was shown that the resonant scattering appears if we consider the effect of collective modes produced by the pairKK [14] . Another counterexample of the mechanism described in the Ref. [10] is presented in Ref. [15] , where two-bounces windows disappear completely despite the presence of vibrational modes. One must remark that the explanation of these intricate processes of scattering, and in particular the formation of two-bounce windows in terms of collective coordinates, was severely criticized in the Ref. [16] .
Recently there has been a renewal of the study of kink and antikink scattering, with several models being subject of investigation. In this line one can cite polynomial models with one [14, [17] [18] [19] [20] [21] [22] [23] [24] and two or more [25] [26] [27] [28] scalar fields, nonpolynomial models [29] [30] [31] [32] [33] [34] and multi-kinks [35] [36] [37] [38] [39] .
The importance of the study of kink scattering can be highlighted with some examples.
The context of string landscape has increased the interest in scenarios of bubble collisions.
In particular, the collision of relativistic bubbles can be treated as planar walls, described as kink scattering in (1, 1) dimensions [40] . The realization of kinks in the nonintegrable φ 4 theory was proposed in buckled graphene nanoribbon [41, 42] . Kink-antikink scattering appear in the study of photogeneration of topological excitations in trans-polyacetilene.
The uncorrelated lattice model of the Su-Schrieffer-Heeger Hamiltonian [43] predict that the kink and antikink propagate as independent particles governed by the integrable sineGordon equation. A similar behavior was observed in the limit T = 0 when the quantum mechanical forces between the atoms are computed using hybrid time-dependent density functional theory (TD-DFT) [44] . For T = 0, on the other hand, the kink and antikink scatter forming two-bounce windows, a characteristic of non-integrable models [44] . In this case the realization of the two-bounce is interpreted, when the kink-antikink pair is at short distance, as a competition between the opposite electron-lattice and electron-electron interactions.
The kink and its stability analysis lead to an interesting connection between supersymmetry and quantum mechanics [45, 46] . For instance, in a field theory model, the stability analysis of kink structures leads us to a quantum mechanical potential. On the contrary, one can reconstruct a field theory from some characteristic of a quantum mechanical potential [47] [48] [49] [50] . In [51] , the authors review some results about the deformation procedure in systems with a single real scalar field [51] [52] [53] that give rise to distinct field theories having the same stability potential. In their work, several models with polynomial and hyperbolic interactions were considered.
The presence of scalar field with hyperbolic interactions has appeared some years ago in the study of solvable scalar hairy black holes. One example is the problem of finding a regular configuration of noncharged black hole and the cosmological scalar field [54] . This falsifies Wheeler's conjecture [55] and evades the scalar "no-hair" theorems [56] . Einstein- scalar gravity with a superscalar potential is obtained after truncating the low energy gauged supergravity limit of string theory [57, 58] . A strategy for obtaining exact solutions of such theories was proposed in the Ref. [59] , that use the symmetry of the equations of motion to give a scale-invariant Ansatz for the scalar field, leading further to derive the metric and the scalar potential. Within this strategy many classes of exact solutions were obtained, including new scalar hairy black holes with hyperbolic potentials [59] .
In this work, we consider kink-antikink collisions for two classes of (1, 1)-dimensional nonintegrable models with φ 4 and φ 6 hyperbolic potentials. In the Sect. II we present our results for kink-antikink scattering for the hyperbolic φ 4 model. We report the suppression of two-bounce windows, despite the presence of vibrational state. In the Sect. III we present our results for the hyperbolic φ 6 model. In the Sect. IV we conclude.
II. THE HYPERBOLIC φ 4 MODEL
Let us consider the action
with the potential of the hyperbolic type [51]
The Fig. 1a shows that the potential has two minima in φ = ± arcsinh(1) and one local maximum at the origin. Then we have one topological sector connecting adjacent minima.
We call this model as a hyperbolic φ 4 since, in the limit of small values of φ, it approaches to the usual polynomial φ 4 theory where
For comparison we also included in the Fig. 1a the potential for the polynomial φ 4 model.
The equation of motion is
Static kink solution is given by [51] φ
Corresponding antikink solution is given by φK(x) = φ K (−x). The energy density is given by
Perturbing linearly the scalar field around one kink solution φ K (x) as φ(x, t) = φ K (x) + η(x) cos(ωt) we get a Schrödinger-like equation
with the Schrödinger-like potential
This stability potential for the kink is presented in the Fig. 1b . We have the same potential 
where φ K (x + x 0 , v, t) means a boost solution for kink. (Fig. 3a) in comparison to the observed for the polynomial φ 4 model (Fig. 3b) . This corresponds to a behavior of false one-bounce, followed by a bion state, as shown in the Fig.   2a .
III. THE HYPERBOLIC φ 6 MODEL
Now we consider the potential [51] Fig. 4a shows that the potential has three minima at φ = 0, ± arcsinh(1) and two local maximum at φ = ±1/2. Then we have two topological sectors connecting adjacent minima.
We call this model as a hyperbolic φ 6 since, in the limit of small values of φ, it approaches a polynomial φ 6 theory studied in the Ref. [14] , where In the sector (0, arcsinh (1)) we have the following static antikink (φK) and kink (φ K ) solutions:
For the sector (0, − arcsinh (1)) we have also a kink (φK) and an antikink (−φ K ) solution.
Without loosing generality, we will work in the topological sector connecting the vacua φ = 0 and φ = arcsinh(1).
Stability analysis of this model shows that the Schrödinger-like potential for the kink or antikink has no additional bound state besides the zero mode. This could in principle forbid the occurrence of two-bounce windows in a scattering process. However, following the known strategy for the polynomial φ 6 model [14] , we consider the perturbations around the pairs kink-antikink and antikink-kink. We found Schrödinger-like potentials that depend on the initial configuration of the pair.
The kink-antikink configuration is given by φ K (x + x0) + φK(x − x0) − arcsinh(1). As The antikink-kink configuration is given by φK(x + x0) + φ K (x − x0). We see in the Now we present our main results of antikink-kink scattering. The numerical method was the same used for the hyperbolic φ 4 model. We used the following initial conditions
For v < v c with v c = 0.0482, we have bion states, and the scalar field at the center of mass changes after the scattering from the initial value φ = 0 to erratic oscillations, as shown in . We see also that the thickness of the true two-bounce windows is reduced when the velocity approaches v c from bellow. For comparison, we present in the Fig. 7b the known results from the scattering of the polynomial φ 6 model [14] . Note the similarity of the results from both models.
The order of each two-bounce window is related to the number m of oscillations of φ(0, t) between the bounces. For instance, in the Fig. 6d , a false two-bounce windows, we have m = 12, corresponding to the first peak of the Fig. 7a . For the Fig. 6c we have m = 13, corresponding to the first two-bounce window of the Fig. 7a . This also happens with the polynomial φ 6 model, where the expected 11 first windows do not appear. This can be related to the presence of two or more vibrational states, as reported for another model in the Ref. [15] . We can compare with the polynomial φ 4 model that has only one vibrational state. There the order of two-bounce windows corresponds exactly to the number m of oscillations, starting with m = 1 [13] .
IV. CONCLUSIONS
We noted that the hyperbolic and polynomial φ 4 models differ sensibly in the potential This has strong effects in the structure of scattering. Indeed, the polynomial φ 4 model has a structure of two-bounce windows, whereas for the hyperbolic φ 4 model the two-bounce windows are totally suppressed. The suppression is a kind of destructive interference between the two vibrational modes that forbids the realization of the resonance mechanism of transferring of energy from the translational mode to the vibrational mode. Such effect of total suppression was already described in other models [15] . The transition of a region of bion to one-bounce scattering above a critical velocity was observed in both models. However, the critical velocities differ sensibly: v crit = 0.0587 for the hyperbolic φ 4 and v crit = 0.259 for the polynomial φ 4 . This shows that the kink-antikink pair with a fourth-order hyperbolic interaction must be initially at a very low velocity to arrive a bion state and further annihilate into scalar radiation. In the majority of scenarios the kink-antikink pair scatter inelastically.
For the sixth-order we have a different situation. There both models, polynomial and hyperbolic, are only slightly distinguishable. Following the procedure described in the Ref. thanks CNPq for financial support.
